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The differential isentropic change of real gases is usually calculated by using the 
corresponding equation of ideal gases, with the isentropic exponent taken as the 
ratio of the specific heats at constant pressure and constant volume. A closer 
examination shows that there exist three isentropic exponents, having different 
values, corresponding to the three possible pairs of variables selected among 
temperature, pressure and volume. The numerical values of these exponents were 
calculated for the refrigerant R22. It was found that calculations performed with 
the conventional isentropic exponent can show significant deviations from the real 
values. 
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Introduction 

The isentropic change of an ideal gas having a constant 
k =%/% value is described by the well-known relations 
pv k--- constant, Tv (k- 1)__ constant or p"  -k)~ = constant. 
The small relations with k = %/c~ are often used for real 
gases if small or differential isentropic changes are 
considered. A closer examination of the differential 
isentropic change shows that, for p, v, T systems, there are 
three different isentropic exponents corresponding to 
each pair formed from the variables p, v, T. These three 
exponents, named kp,o, k,,T, kT,p after the corresponding 
pair of variables used, are interconnected by one relation, 
and accordingly only two out of the three are 
independent. The numerical values of these exponents 
were calculated and are presented here for the refrigerant 
R22. 

The deviations from the conventional k=cp/% 
values are considerable. It is pointed out that calculations 
with the classical k = cp/c, exponent used for each pair of 
the p, v, T variables may lead to incorrect results. For  
some special cases kp,v<~ 1, leading to isentropic changes 
with slope, on the p, v plane, less than or equal to the slope 
of the isothermal change. 

General 

In thermodynamics the existence is assumed of a single- 
valued analytic function s giving the entropy of the 
system considered; further, for p, v, T systems, there are 
three functions s(p, T), s(T, v) and s(v,p). 

From these functions the isentropic change can be 
determined as described below, thus obtaining relations 
among the p, v, T variables and their derivatives. 
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Pair p, T 

For constant entropy, ds = 0 and 

0s 

Further 

It is known that (Os/OT)p=%/T, and, from 
Maxwell's relations, that (Os/Op)r =-(Ov/OT)p. Hence 
the above relation yields 

This relation gives the dependence of dp and d T  
along an isentropic change. Similar relations are obtained 
for the other two pairs of variables. 

Pair v, T 

The constant entropy condition gives 

Os 

and 

= 

It is again known that (ds/OT)v=cv/T. From Maxwell's 
relations, (OS/OV)T= (Op/OT)v, and the above relation is 
written as 

connecting the variables v, T for an isentropic change. 
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Pair p. v 

The corresponding relation between these two variables 
can be found from Eqs (1) and (2) as follows. 

( Op) (Op/t~T)~ (%/T)(t~T/Oy), 
~v , -  (Ov/t~T), (co/T)(ST/~p)~ 

=-;,'S/, 
It is further known that 

abd, therefore 

#v i#p \#TJ.  I\#P/T * 
Hence the relation becomes 

Ov/~ cv \~v/T (3) 

The three relations (1), (2) and (3) give the 
dependence of the different variables for an isentropic 
change. 

Comparison w i th  an ideal gas 

For an ideal gas the isentropic change is given by the well- 
known relation pv k= c o n s t a n t  if the k = %/c~ exponent is 
constant. Using this relation and the equation of state of 
the ideal gas, pv--RT, we obtain the well-known 
equations that correspond to Eqs (1), (2) and (3) given 
above. Thus from pvk=constant, we find p(1-k)Tk= 
constant. After taking logarithms and differentiating, we 
find 

(l_k)dP +k dT=o 
p T 

o r  

~ -  ,,id 1 -- k T 

and 

d p )  _ k p (4) 
,,id k -  1 T 

Eq (4) for an ideal gas corresponds to the general relation 
(1). 

In the same way, for the pair of variables v, T we 
find that the isentropic change of the ideal gas is given by 
the relation Tv(k-l~=constant. After taking logarithms 
and differentiating, we obtain 

O T + ( k -  1) dv = 0 
T v 

o r  

-~  s,id V 

Eq (5) for the ideal gas corresponds to the general 
relation (2) obtained above. 

For the last pair of variables, p, v, we find, in the 
same way, from the relation pv k-- constant that 

dp 4_kdV=0 
p v 

o r  

s,id V 

This relation corresponds to Eq (3) of the general case. 
Eqs (4), (5) and (6) can be obtained as limiting 

cases of Eqs (1), (2)and (3)if the corresponding values of 
the derivatives, (clT/clv)p,io=p/R, (ap/~T)v,id=R/v and 
(~p/t~V)T, id = --plY, for the ideal gas are used, and further 
we use the relation R = cp-c~. 

The three isentropic exponents 

Let us consider now a real gas that is approximated, along 
a differential isentropic change, by the corresponding 
ideal gas. 

Pair p, T 

If the approximation is made by using the p, T pair of 
variables, then, from Eqs (1) and (4), we see the following. 

The actual change is given by Eq (1), ie 

If we approximate by Eq (4) we must define an isentropic 
exponent kp.T as follows: 

tgT], T\#v,] ,  \#T/,,,d kp,r--1 T 

Notat ion 

A 
Cp 
Cv 
k 
P 
R 
S 
T 
t) 
X , Y  

Coefficient of terms in Eq (21) 
Specific heat at constant pressure 
Specific heat at constant volume 
Isentropic exponent - %/c v 
Pressure 
Gas constant 
Specific entropy 
Temperature 
Specific volume 
Reference functions of cp 

Z Compressibility factor 
p Density 

Subscripts 
c Critical state 
p, v Pair of variables pressure, specific volume 
r Reduced state 
s Constant entropy 
s, id Constant entropy, ideal gas 
T, p Pair of variables temperature, pressure 
T, v Pair of variables temperature, specific volume 
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It is clear that the exponent of the isentropic change in this 
case should be defined as 

or 
1 

kp,r = 
1-p av 

-0 

(7) 

CP aT P 

This value of kp,T should be used in Eq (4) if the 
differential change of the real gas has to be approximated 
by the equation of the ideal gas. Thus we obtain 

aP kpT P c-1 =A_ 
aT s k,, - 1 T 

Pair T, v 

For these variables, from Eqs (2) and (5) we find 

or, finally 

(8) 

Hence, the description of the isentropic differential 
change of the real gas is given by the equation of the ideal 
gas, using the pair of variables T, u only in the way given 
by Eq (lo), ie only if the k,, exponent is used and 

aT o= au s 

-(b,,-1); 
4.0 

3.5 

3.0 

-rc 2.5 

(10) 

Pair p, v 

Comparison of Eqs (3) and (6) gives 

(:)s=~($)T=($j.*= -ki 
Thus, for the third isentropic exponent kp,+, we find’,’ 

(11) 

and the corresponding isentropic differential change is 
described by the relation 

(12) 

Eqs (7), (9) and (11) give the values of the three 
isentropic exponents that describe the differential 
isentropic change if the conventional forms of the 
equations of the ideal gas are retained. 

Comparison of the isentropic exponents 

The numerical values of the isentropic exponent k = c,/c, 
and of the three exponents k p,T? k,, k,,, defined by Eqs (7), 
(9) and (11) are different. This can be seen from their 
corresponding defining relations and from Figs 1 to 11 
concerning the refrigerant R22. 

Only in limiting cases do all four exponents take 
the same numerical value. This is the case when the 
behaviour of the real gas approximates that of the ideal 
gas. Generally this is not the case, and using Eqs (4), (5) 
and (6) instead of the correct ones (8), (10) and (12) leads 
to incorrect results even if the local value of k = cp/c, is the 
correct one. 

_ 

Pressure, kgf /cm2 

1.0 

-50 0 50 100 150 200 

Temperature,OC 

Fig I The conventional isentropic exponent k = G/C, 

Int. J. Heat & Fluid Flow 201 



D .  A. Kouremenos  and X. K. Kakatsios 

1.35 

1.30 - 

1.20 

1.25 I "  Pressure, kgf / cm 2 

1.,~1.5 2 3 5 

\ 

36 40 
50 

55 
/ 60 

70 15 : 

1.15 

1.10 

100 

/80 
/ 

1.05 
-50 0 50 100 150 200 

Temperature,°C 

Fig 2 Variation of the kT, p isentropic exponent of R22 with pressure and temperature. The exponent can take values less 
than 1 for temperatures of about IO0°C 
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Fig 4 The kp,v isentropic exponent of  R22. For pressures near the critical pressure, the exponent takes high values 
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The three isentropic kp, r, kT, v, kp,~ are not 
independent of each other. This can be seen from the 
following. From Eqs (8), (10) and (12) we find 

k p ,  T - 1 

and, by multiplication and elimination, 

kp.r (kr,v-1) 1 =1 
kp,r - 1  kp, v 

or 
kp,v _ kp,T (13) 

kr, v - 1  kp,T--i 

Thus knowing two out of the three isentropic 
exponents, we can calculate the third. 

Another interesting relation, useful among others 
for check purposes, can be obtained by multiplying Eqs 
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(1), (2) and (3): 

and, from the relation mentioned in the first paragraph: 

c3T/~\ ~v/,\Op//, = 1 (14) 

To compare the deviations between calculating 
with the isentropic exponents k=cp/c v instead of the 
appropriate choice from the kp,T, kT, v, kp,~ exponents, we 

consider either the ratios of the exponents, ie 

k p ,  w 1 c v c v 

k l-P-- Ov % %-P 
Cp ~ p p 

Cv ~ v Cp Cp 

k P ~  \ J~ TCp p\OV/IT 

(15) 

(16) 

(17) 
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Fig l]  The three isentropic exponents kT,p, kT,v, kp, v and 
the isentropic exponent k=cp/Cv for constant pressure 
(10 kg f  /cm 2) as functions o f  temperature 

or the ratios of the slopes of the changes, namely 

(t?p/#T), _ {kp,r/(k, ,r-- 1)} ( p / T ) _  kp,r k -  1 

(Op/#r),,ia { k / ( k -  1)} (p/T) k kp,r -- 1 

(t?T/Ov), _ --(kr.~-- I)(T/v) _ kr,~-- 1 

(c~T/Ov)s.~d -- ( k -  1)(T/v) k -  1 

(18) 

(19) 

(Op/c~v), -- kp.~(p/v) _ kp,~ (20) 
(63p/t~V)s,id -- k(p/v) k 

From the above relations we can see, with the help of Eqs 

(14) and (13) that 

(~p/~T), (OT/Ov)s (Ov/Op)s =1 
(Op/c3r)s,id (OT/Ov)s,id (t~v/Op)~.ad 

N u m e r i c a l  v a l u e s  f o r  t h e  r e f r i g e r a n t  R 2 2  

The refrigerant R22 was used as an example to show the 
numerical value of the three different kp,T, kT,v, and kp,v 
isentropic exponents and the deviations that are 
produced whenever we use only the one conventional k 
value. 

The equation of state, and the values of the specific 
heats were calculated using the equations and data 
already known. The values of the derivatives needed for 
Eqs (7), (9) and (11) were found by taking the derivatives 
of the corresponding relations. The detailed equations, 
with the values of their numerous constants given in 
Table 1, are included in the Appendix. 

R e s u l t s  a n d  c o n c l u s i o n s  

From the relations obtained above, and from the figures, 
the following may be concluded. 

The differential isentropic changes of real gases cannot 
be calculated from the conventional isentropic 
exponent k = cp/c v and the corresponding relations for 
an ideal gas. 

• There exist three isentropic exponents kp,r, kr, v and kp,v 
used in accordance with the appropriate pair of 
variables (p, T), (T, v) or (p, v) and the corresponding 
ideal gas relations. These exponents can be used to 
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Table I Values of numerical constants in Eq (A1) 

AI=  5.45762 x l 0  -1 A18=_ 3.76347 x10-2  
A2=-1 .391  98 A19= 3.329212 x l 0  -2 
A3= - 4.32562 x10-1 A2o= - 3.794 234 x10-2  
A4= 2.214 x 10-2 A21= 7.86909 x 10-3 
A 5 = - 1 . 3 0 7 4 1 8  x10-1 A22=-4 .626965 x10-3  
A6= 7.921 1 x l 0  -1 A23= 2.336405 x l 0  -2 
A T = -  1.67024 x10-1 A24= - 2.066 556 x10-3  
A8= 5.674 3874x 10-1 A25=-  1.0501834x 10-2 
A9= - 1.350 71 A26= 5.276 995 x 10 -4 

Alo = -  1.15487 x l 0  -~ A27 = 2.09547 x l 0  -A 
Al1= 1.024567 A28= 1.346363 x 10-3 
A12= 3.4435035x 10 -~ 
A13=-4 .082677 x l 0  -1 Aoo= 3.37055 x l 0  -1 
A14= 8.30099 ×10 -2 AOl = 1.045219 x10-1 
A15=-1 .899033 x l 0 - ~  Ao2= 7.32804 x l 0  -1 
A16= 8.821 727 ×10 -2 Ao3=-6 .11404  x10-1 
A~7= 1.90595 x10 -2 Ao4 = 1.61807 x10-1 

Boo= 6.070732 x 10 2 

BOl = 4.643861 

B1 = - 7.034 091 3 
B 2= 1.4030736 
B3= - 4.960 588 0 
B4 = 8.882 808 9 
B 5 = - 1.060 063 8 x 101 

R = 9.615469 x l 0 - Z k J / ( k g K )  

Pc= 4.9880 x 103kPa 
vc= 1.949318 x l0 -3m3 /kg  
p~= 5,130 x 102 kg/m 3 
T~ = 3.69300 x 102 I{ 
Zc= 2.738163 x l 0  -1 

calculate, stepwise numerically, the required isentropic 
change. For the refrigerant R22 the analytic 
expressions, and the corresponding values of the three 
exponents, are given here. 

• Starting from a gas state, the differential isentropic 
change may be represented by the corresponding 
slopes (Sp/t3T)~, (~p/~v)~ or (ST/Ov)~. These values are 
given in a reduced form. For the reduction, the 
corresponding slopes of the same gas considered as 
ideal were used. 

• Near the critical point (96.15°C) the isentropic 
exponent kp.T takes values less than 1, thus implying 
(Op/dT), < O. 

• Near the critical pressure (50.863kgf/cm 2) the 
isentropic exponent kv, ~ takes values less than I. 

• Near the critical point the three isentropic exponents 
take values as small as only 209/0 of the value of 
k = %/c~.  
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Appendix  

The relevant equations are described briefly below. Input 
values are the temperature T and the specific volume v, 
while the pressure is calculated 3 from the compressibility 
Z: 

Pv P Pr 
Z = R T - R T  p Z ~ p r  

= I + { A , + A 2  A 3 A , )  +{As A 6 AT/ 2 

+SAs A9 AlO ' A,t ~ ( a , 2  A,3 ) 4. 

fA14 A15 A16 A17) 5 + ~ 3 - + ~ +  [ Tr T r ~r4 "]-~r6; pr +A18Pr 6 

fA19 . A2o] ~. Azx s .  (A22 A23) 9 
"~-~-r2 "t-~r6;/0r " ~ - r  Pr ~t-~r2 Jr-~r6~Pr 

fA24 A25] ,0 (Az6 A27 A28) , 

(Al) 

with the constants having the numerical values of Table l, 
and where P is in kea, v in m3/kg, R in kJ/(kg K) and T in 
K. 

The reduced specific heat %/R is given by Eq (A2/ 
where the X and Yvalues are given by Eqs (A3) and (A4) 

A3 30 A4] 6 A7 
C~P=--R 12T~r4+ ~r6J ~pr- Tr 4pr2 

__~'~2 ~ + 4 ~ p r 3  _3A13 - 4 
(3 T~ T, J Tr 4pr 

(2A14 6A15 12At6 A17) 5 

~2A19 30A2o] 7 (2A22 10A23) 9 
'°r 

_3A25 lo ( 2  A27 30A28 ) t 1 
-1T  Tr  +iiTs 'Or 

× {(Aoo-R)+Ao~ E + Ao2 T, 2 + Ao3Tr 3 + Ao, Tr 4} 
X 2 

4 -~-  (A2) 

X =  1 + f A x -  A3 A4) ( A7) 2 
3Tr4-5T~6~Pr+IAs-3Tr~Pr 

M 

+{As Alo 3Al1~ 3 3A13 4 V (Pr-- Vr a, 
fA14 Aas -AI6 -A17) 5 

- ~ - 2  + 2 ~ - +  J ~ - +  ~g-?Pr + A18Pr 6 
l r  I r J 
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(A,9 5A207 7 ~A225A23~ 9 / ~  + V ; ,  ~ [ ~  ~(p,  

_5A25 to (A27 5A287 11 
~r6 p r --l~-r2 -+- ~r6~flr (m3)! 

Y=I +2/A 1 A2 A3 A,,) + 3 / A  s A 6 AT) 2 + ~ + ~ + ~ j ~ ,  . +~+~j~Or 

( A9 Alo All'} 3 (A12 AI3] 4 

-[A14-Ai5-Ai6-A,7] , - 7 A  
+ O~ T2 -I- Tr3 + Tr4 -t- Tr6 ;pr -t- 18p, 6 

fA19 A2o) 7 A21 . 1 0 ~" ~_22 ..l_ ~63 "if pr 9 
+8~T~-r2 +~r6~Pr + 9 T p r  + [Tr  Tr J 

(A2,l  A2s) lo . ~ (A16  Azl  A2s)  1 
+ l l ~ - r  +T~6~p r + iZ l  1 , ~ t - ~ 5 + ~ g - i ' p r  ' l r  1; J 

The specific heat cv/R is given further by Eq (A5) 

7 =  - 412 ~4 + 30 T ~ p , -  6 ~A~] p, 2 
t r r J Tr 
f2A,o 4All/ 3 A13 4 

[2A14 6Als 12A166A17] 5 
--17~r2"FTTr3"F5 Tr 4 ~r6~ pr 

(2A19 30A2o) 7 f2A22 10AE3) 9 

__3~pr,  o )'2/127 30A28) , ,  1 
T, - I l l  T, 2 +77-~f~ pr +7 

x [(Aoo-R)+iAoiTr+AozTr 2 + Ao3Tr 3 + AoaT~ 4} 
(A5) 

The derivatives required for calculating the 
different k values in Eqs (7), (9) and (11) are found by 
taking the derivatives of Eq (A1). The corresponding 
relations are as follows. 
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+{Ag~+2Alo(-~)2+4All(-~,)4}P. 3 

+fAx 2 1 [ 1 \ 4 )  4 
 tT) V r t. 

+ 6A,,(~)6}Pr s 

A 1 1 6 1 

1 2  1 6 
1 2A27(__ ~ +6A2s(__~ "~pri'-l~ (A6) (A4) + AZ6Trr + \TJ  \Tr) J J,] 

wit.  

+3[As A6 A7) 2 

+4[A + A g - A l o - A " )  3 
~ 8 T,+Tr, ITr,~P, 

+Sf All +A13] 4 

(A14 A15 A16 A17`} 5 
+6~-~2 +~-g-3 + ~ 4  +~g-6 ~P, + 7Aisp, 6 

+°[A~ . A2o) 1 8~T-t-~?prT+9A21 pr 8 
(T, T,J  r 

-{-10 "t- p r9 - ' l - i i lT - I -~ r6 ;Pr  0 

+V+~f~p, (as) 

- \~),\~PP,}r (A9) 
_t_{h6 1 //1 "~4̀ } 2 

V r 
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